We derive a four-component spinor wave function for an electron in a helical undulator which, in the relativistic limit, successfully reproduces all of the results of the classical calculation for the radiation angular distribution, polarization, and energy spectrum. This wave function also allows the nonclassical calculation of the spin flip. For electron energies below the several hundred GeV range, the spin-flip probability is negligible, but for higher energies and high undulator strengths it cannot be neglected if beam polarization is to be preserved, even though nonflip radiation still greatly dominates the radiation intensity. The anomalous magnetic moment a e is seen to play a dominant role in the helical undulator spin-flip process. The probability of spin flip is shown to have a 5 dependence on electron energy. For high energy electrons, the direction of spin flip is independent of the handedness of the undulator. As a result, at sufficiently high energy, a polarized electron or positron beam rapidly depolarizes by spontaneous radiation in the undulator. Because of the high correlation between the direction of spin flip and the handedness of the spin-flip radiation, we conjecture that it may be possible to polarize electrons by using the intense circularly polarized photons in the helical undulator to stimulate spin flip.
I. INTRODUCTION
Relativistic electron beams passing through helical undulators are an increasingly common source of circularly polarized x rays [1] . Calculations of the nature of this form of synchrotron radiation are usually done with classical electrodynamics [2] . For most purposes, it is unnecessary to take into account the wave nature of the electrons, since the classical description of the radiation process is perfectly adequate. However, in order to calculate the probability of spin flip caused by radiation, we must use a quantum mechanical calculation by solving the Dirac equation.
Historically, radiative effects on electron spin were treated for storage rings in a series of papers 30 to 40 years ago [3] [4] [5] . In a 1987 Physical Review Letters (PRL) [6, 7] , we showed that a simpler treatment could obtain the same results. In that paper the electron motion was described by a classical electron orbital Hamiltonian and twocomponent spinor in a Bargmann-Michel-Telegdi (BMT) Hamiltonian [8] . Both the electron orbit and the electron spin interact with both the classical magnetic guide fields and the quantized radiation field. This semiclassical approach was shown to reproduce all of the results of Sokolov and Ternov and Derbenev and Kondratenko. We calculated the damping effects on the spin, i.e., the radiation damping which leads to polarization. This approach included the effects of orbital motion on the spin and thus obtained the spin resonance conditions derived by Chao [5] . It was not necessary to solve a Dirac wave equation for the orbital motion. The phenomenological use of an anomalous moment term in the BMT equation has been vindicated by many experiments on polarization in storage rings and g-2 experiments [9] .
The effect of radiation on both orbit and spin was included by treating radiation effects as a perturbation initiated by the quantized radiation field. This is standard practice (see, for example, the book by Heitler [10] ). This approach derived all fluctuation and damping effects on the classical electron orbit.
Our 1987 paper [6] was for a circular storage ring. A single-pass undulator represents an entirely different physical situation, however. Radiation damping and fluctuations can be neglected. A different approach was used for the undulator calculation. We derive the fourcomponent spinor wave function for the Dirac equation including the phenomenological anomalous moment for an electron/positron in an ideal undulator field in the relativistic limit. Again, radiation is treated as a perturbation, but without explicitly using the BMT equation phenomenology. Both spin-flip and nonflip probability distributions are obtained as a result.
We introduce a form of the four-component spinor wave function which is well suited to the electron relativistic kinematic limit, ) 1. In contrast with the case of circular storage rings, here we ignore stochastic radiative effects, fluctuations, and damping, since the electrons make only a single pass in the undulator.
With these assumptions, it can be shown that the spontaneous radiation in which the spin is not flipped leads to the Published by the American Physical Society under the terms of the Creative Commons Attribution 3.0 License. Further distribution of this work must maintain attribution to the author(s) and the published article's title, journal citation, and DOI.
same expressions for radiative power, angular distribution, and polarization as are obtained with a classical calculation. This validates the approximations we have made to obtain the wave function for the undulator.
Although spin-flip radiation is extremely rare for relativistic electron energies less than a few GeV, in the limit of a strong undulator and GeV energies, it is no longer rare, although it is still infrequent compared to nonflip radiation, and thus never contributes significantly to the radiation intensity. The effect of the anomalous moment is seen to be suppressed for nonflip photon emission, but to dominate the spin-flip radiation matrix element in the relativistic limit.
The Dirac equation is solved in the high energy limit, with a phenomenological anomalous moment term added [Eq. (1) below]. As it is written, the electromagnetic fields in Eq. (1) include only the ideal classical magnetic field of the undulator.
The radiation field is included by the addition of an additional perturbative term in the Hamiltonian [Eq. (2)] containing quantized photon creation and annihilation operators in the radiation vector potential,Ã radiation . Formally, this interaction is the same as that for the classical field in Eq. (1) . We can use a particular representation [11] for and to simplify the form of the interaction with the radiation field. The coupling to the radiation field,J effective , contains a piece from the Dirac current operator and a second piece from the anomalous moment operator which is proportional to a e . Possible corrections toJ effective of order photon energy/electron energy have been ignored. Corrections of higher than the lowest order in the fine structure constant are ignored.
To summarize, there are two physical effects of the anomalous moment: (1) when the electron magnetic moment interacts with the classical magnetic field, possibly affecting the orbital motion (this turns out to be negligible), and (2) when the electron magnetic moment interacts with the radiation vector potential to modify photon absorption or emission.
II. THE DIRAC EQUATION FOR THE UNDULATOR AND THE RADIATIVE PROCESS
A fully rigorous quantum electrodynamics calculation is unnecessary in order to treat the physically observable effects of the anomalous magnetic moment. We write the Dirac equation including the anomalous moment:
ði6 @ À e6 AÞ À m e þ a e e 4m e F c ¼ 0: (1) (e < 0 for an electron and e > 0 for a positron. jej is the magnitude of the electronic charge.) a e is the anomalous part of the electron/positron magnetic moment [9, 12] :
The classical undulator magnetic field is expressed in the A ¼ 6 A and F terms in the Dirac equation
For spontaneous radiation emission we define J ;effective A radiation as the matrix element between an initial state with zero photons and a final state with one photon.
The coupling to the electron is an effective interaction Hamiltonian:J effective ÁÃ radiation :
A radiation , F radiation depend on the photon polarization and the photon plane wave. We will consider only the vector components of J effective , since by gauge invariance the longitudinal and time components cancel each other. The effectiveJ for photon emission is [11] :
As stated above, we obtain this form ofJ effective by starting from the formal expression in terms of (Dirac part) and (anomalous moment part), using a common representation for the 4 Â 4 matrices , [11] and making use of the form of the solution to the Dirac equation in the undulator field, as shown in the next section.
III. HELICAL UNDULATOR WAVE FUNCTIONS
The explicit form of the vector potential for the static undulator magnetic field is eÃ ¼ m e cKðcos; sin; 0Þ. By definition, k W z, k W 2=Ã. Ã is the period of the undulator. m e is the electron or positron mass. K is the dimensionless undulator strength. In terms of the magnitude of the undulator magnetic field B 0 , K ðeB 0 Þ=ðm e ck W Þ [1] .
In our units c, the velocity of light, equals one. In addition, we also assume k W 1. With this choice of units, all lengths, times, momenta, and energies are dimensionless. The subscripts ? and k refer to the z axis, which is the undulator axis.
The four-component helicity solutions, in the presence of a static undulator magnetic field (transverse vector potential), are
The lower components can be expressed in terms of the upper components:
with ¼ AEq and
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The forward moving helicity eigenstates for É are
The positive helicity solution, ¼ þq, is
The negative helicity solution, ¼ Àq, is
The explicit form of the velocity is given below in Eq. (15). (p ? ( p has been neglected.)
Terms of order 1= 4 have been neglected, in the spirit of the high energy limit.
The canonical transverse momentum p ? is a constant of the motion in the undulator magnetic field. The canonical momentum is not equal to the kinetic momentum due to the presence of the vector potential. The transverse kinetic momentum is not constant due to the rotating nature of the magnetic field. The helicity solutions above assume that p ? is small compared to the longitudinal momentum. However, we do not neglect its presence in the exponent F, since the change in p ? when the photon is emitted is important. p AE is the (complex) canonical transverse momentum of the electron. The effect of the anomalous moment a e on the wave function is to reduce the undulator strength K very slightly: K ! K½1 À a e =ð2qÞ. This extremely small O½1= correction to the wave function is neglected as well as terms O½1= 2 and higher inverse powers of . Terms of order a 2 e have also been neglected.
We can write the matrix elements in terms of twocomponent spinors and a two-component transition current. The two kinds of terms below correspond to the Dirac effective current, proportional to the 4 Â 4 Dirac matrix, and to the anomalous moment contribution, which is proportional to a e 0 :
The sign of depends on the electron's helicity. Positive helicity corresponds to ¼ þq, negative helicity ¼ Àq (q is always positive).
The term ''flip up'' refers to the transition negative helicity ! positive helicity, while ''flip down'' is the opposite transition. The photon energy is k, E i À E f ¼ k, q i À q f % k. For a nonspin flip transition, the factor in Eq. (9) is % 2, while the expression Eq. (10) is very small. The anomalous moment has a negligible effect on the nonflip matrix element. In a spin-flip transition, the factor in front of will be (flip up), from Eq. (9):
For flip up this becomes % Àkm e =E 2 , assuming the photon energy is k ( E.
Thus, spin flip with a Dirac moment is suppressed by a factor of 1= 2 , but is not zero because the photon momentum and energy imply that jq f j Þ jq i j and E f Þ E i .
The other term in the effective current operator [11] , Eq. (10), which is proportional to 0 (and a e ), is not suppressed for spin flip. The presence of the anomalous moment is a radiative correction which has been experimentally verified for relativistic electrons by polarization measurements in electron storage rings. The prefactor is % 2. It is suppressed for nonflip, however.
We can express the effective current for single photon emission in the form of an operator operating only on the two-component upper part of the spinor: For flip up, We have not separated the Dirac moment term for the spin flip up from the anomalous part at this point. These two parts, which can in principle interfere, have opposite signs for flip up and flip down. AlsoJ eff ðkÞ y ¼ J eff ðÀkÞ, which relates photon absorption with photon emission.
The Dirac moment term is of order 1 2 when compared to the anomalous moment term which is of order a e , all other terms being comparable. This means that for > 1= ffiffiffiffiffi a e p we can neglect the Dirac moment term when calculating the spin-flip matrix element. This condition amounts to requiring the electron energy to be greater than about 15 MeV. From now on, we will treat only the anomalous moment term in the spin-flip calculation.
IV. CALCULATION OF THE PROBABILITY
The calculation of the probability of radiating a photon is a straightforward quantum electrodynamics calculation. For either the nonflip or flip cases, the probability, using box normalization, is
(L u is the undulator length.) The nonflip matrix element M nonflip is
ÀðL=2Þ
dy Â e ÀiðkÁrÀktÞ É y f ðr; tÞ Áẽ Ã É i ðr; tÞ:
T max is the time spent in the undulator. The states É are given in Eqs. (6)-(8).
In taking the matrix element for this case, we obtain, to order 1= 2 :
The same result is obtained for negative helicity. From the expressions for the wave function in Eqs. (6) and (7) we can write
where Kk ?
and is the azimuthal angle of the photon. We obtain this result using the definitions of F i , F f and transverse momentum conservation All of the standard results [1] for the harmonic content and angular distribution of the emitted photons for the nonflip case were obtained from Eq. (14) by making a harmonic analysis of e iðF i ÀF f Þ . This served as confirmation that our solution [Eqs. (6)- (8)] is correct. To calculate the spin-flip matrix element, we neglect the small term proportional to (which is the dominant term for nonflip).
The matrix element for spin flip, M flip , is
ffiffiffiffiffiffiffiffiffi 2k
ÀðL=2Þ dy e 
We can express the matrix element in terms of the explicit form of the spinors and useS AE ðÞ to express the matrix elements of for flip up or down. In the normalization 
The integrals over space and time give rise to delta functions which express the conservation of momentum and energy.
Longitudinal momentum conservation includes a contribution e Àim from the undulator periodicity arising from the harmonic analysis of the wave function.
By definition, this harmonic analysis is
The Bessel functions which arise from this analysis are functions of :
The mth harmonic of the matrix element ofS for flip up isS
Flip down is
Terms in the expansion with negative or zero values of m are removed by the requirement of longitudinal momentum conservation when a photon is omitted: m ! 1. The Bessel function arguments are Kk ? =mx, with x defined by
is the polar angle of the emitted photon. Flip up and flip down are no longer complex conjugates. This is a consequence of the phase factor e iðF i ÀF f Þ . A spinflip asymmetry appears only in the z components ofS.
Because of the transverse polarization and small emission angles of the photon, it has little effect on the numerical answer.
We square the matrix element, multiply by the incident flux, and do the six-dimensional integrals, using four of them to satisfy the delta functions of energy-momentum conservation.
By our choice of units, k W 1, c 1, z % 1. The total time in the undulator becomes a factor of 2N.
We then have to sum over harmonics and carry out the integrals over photon angles,.
Each k m , the photon energy for the mth harmonic, contributes a factor of m. After the sum over photon polarizations, we have to evaluate Eq. (23) below for flip up and down separately:
n is a unit vector in the direction of the emitted photon. We know the probabilities will be dimensionless. This is not obvious in our formulas, because our assumption that k W ¼ c ¼ @ ¼ 1 makes all energies and momenta dimensionless. In particular, ! 0 ¼ k W c 1, the undulator ''frequency'' has to be restored. We have to restore the dimensions at the end. For example, 1=m e becomes ð@! 0 Þ=ðm e c 2 Þ:
Using azimuthal symmetry for the photon, we can do the integral over to obtain an expression for the spin-flip probability in the form of an integral over the sum of combinations of Bessel functions:
The equation above defines the function IðK; Þ. The additional factor of gives for the probability of spin flip an overall 5 dependence at very high energies. The S m 's in terms of the Bessel functions are given below.
Flip up is
where x is defined by Eq. (22) and its expansion in the small angle limit is given after Eq. (27). We conclude that the limiting dependence of the spin-flip probability P is 5 overall. We define a function F ðKÞ which is only a function of the undulator strength:
The integral for F ðKÞ is calculated numerically using Eqs. (31) and (32).
With these approximations and the definition Eq. (32), P becomes
For numerical evaluation of F ðKÞ, we used the ! 1 limit of ðsin= 4 Þ=½ð1 À k cosÞ 3 d=du, which is An excellent fit to lnF vs lnK is given by the approximate numerical formula (0:3 K 5): lnF ðKÞ ¼ 1:927 þ 3:94lnK þ 0:55ln 2 K À 0:094ln 3 K: (34)
V. ENGINEERING FORMULA FOR SPIN-FLIP PROBABILITY
The spin-flip probability from Eq. (33) is
In Eq. (35), N is the number of undulator periods, Ã is the undulator period in cm, E½GeV is the electron energy in GeV.
If the undulator strength K ¼ 1, and the period Ã ¼ 10 cm, the spin-flip probability per undulator period for 100 GeV electrons is 3.7%. If the undulator strength is increased to K ¼ 2, the probability per undulator period will be 66.7%. This high value of the probability means the spin will be flipped quite often in traversing an undulator with many periods.
VI. SUMMARY AND CONCLUSION
Our solution for the wave function plus the perturbative form of the interaction with the radiation field reproduces the classical results for the characteristics of radiation from a helical undulator. The additional terms in the Dirac equation involving the anomalous moment interacting with the undulator magnetic field are negligible if the spin is not flipped. Essentially all of the radiation intensity comes from the nonflip case. Thus, the anomalous moment has no significant effect on the undulator radiation intensity even at TeV energies. The spin-flip process, on the other hand, is dominated by the anomalous magnetic moment. It remains rare at all energies when compared to nonflip photon emission, but the probability of spin flip by spontaneous emission is not small for sufficiently high energy and strong undulators.
The helical undulator provides a flux of circularly polarized photons from a nonflip process. This photon flux is especially high in case the helical undulator operates in an free-electron laser (FEL) mode. We conjecture that it may be possible to stimulate spin flip and to polarize the electrons in the presence of the strong photon field.
This conjecture, if supported by further calculations, could provide a practical way to polarize a high energy electron beam in an FEL. A detailed study of this effect will be presented later. This will require a realistic description of the coherent photon flux in the FEL.
